Antitachycardia pacing (ATP) is widely used to terminate tachycardia before it proceeds to lethal fibrillation. The important prerequisite for successful ATP is unpinning of the spirals anchored to the obstacle by a series of stimuli. Here, to understand the mechanism of unpinning spirals by ATP, we propose a theoretical explanation based on a nonlinear eikonal relation and a kinematical model. The theoretical results are quantitatively consistent with the numerical simulations in both weak and high excitabilities.
I. INTRODUCTION
Spirals, also known as rotors or vortices, occur in various nonlinear systems [1] , including chemical media [2, 3] , aggregations of Dictyostelium discoideum amoebae [4] , and a more interesting aspect, cardiac tissue [5] . In hearts, as in many other real systems, the complicated nature largely comes from heterogeneities, such as complex anatomical structures, blood vessels, and even tissue damage [6] . When periodic excitation waves pass through them, these heterogeneities may give rise to free spirals. This process was first observed in the Belousov-Zhabotinsky reagent [7] , and then in the initiation of reentries in ventricular tachycardia [8] , which is the precursor of lethal ventricular fibrillation [9, 10] . Free spirals tend to be pinned by local heterogeneities [11] [12] [13] [14] [15] [16] [17] [18] . Thus unpinning these anchored spirals is an important prerequisite for successful applications of antitachycardia pacing (ATP), which is a series of stimuli driving spirals beyond the boundary of the excitable tissue [19, 20] .
The life-saving motivation for understanding its mechanism has sparked many discussions [21] [22] [23] [24] [25] [26] . In Ref. [26] one scenario is discussed for unpinning a weakly anchored spiral whose core size is larger than the obstacle and whose tip region (where the wave front meets the wave back) is retained, and the explanation given is that a higher-frequency wave train may induce this weakly anchored spiral to drift from the obstacle. However, the spiral is more likely to be completely anchored to the obstacle, which means its wave front and back are attached to the obstacle and its tip region is missing [27] [28] [29] [30] . Completely anchored spirals have a different unpinning mechanism than weakly anchored spirals [23] [24] [25] . Therefore, an analytic and quantitative explanation for this mechanism is needed.
The mechanism of unpinning a completely anchored spiral involves the interaction of the excitation wave and a local heterogeneity, which should take account of effects of the curvature of the wave front, the excitability of the medium, and the frequency of the wave train, as stressed in Ref. [8] .
In this paper, to analyze these effects and therefore to understand the mechanism of unpinning spirals by ATP, we first demonstrate the mathematical model we use in Sec. II. Then in Sec. III, we simulate ATP and obtain numerical results. In Sec. IV, we introduce another simulation, which we call the fan simulation, * Corresponding author: hongzhang@zju.edu.cn equivalent to the last part of ATP, and obtain further numerical results. To theoretically explain these numerical results, we introduce a nonlinear eikonal relation [31, 32] in Sec. V, and a kinematical model [33, 34] in Sec. VI. In Sec. VII, by combining the nonlinear eikonal relation and the kinematical model, we obtain theoretical results which are quantitatively consistent with the numerical ones for both weak and high excitabilities.
II. MATHEMATICAL MODEL
Our numerical simulations use the reaction-diffusion equations
known as the Barkley model [35] , where u and v are the fast and slow variables, respectively. The diffusion coefficient D is fixed to 1. The parameter which determines the time scale of u is fixed to 0.02. The parameters a and b control the excitability of the medium. In our simulations, a = 0.8 and b is modulated representatively at 0.15 (weak excitability, and the cutoff between the excitable and subexcitable media is at b = 0.154) and 0.001 (high excitability).
III. NUMERICAL RESULTS OF ATP
To study the unpinning in ATP, as shown in Fig. 1 , we put an anatomical obstacle (central white region), which in numerical simulations is viewed as the nonconducting region with no-flux boundary conditions (BCs) [6] , into a square medium. To deliver a wave train at a pacing period T as short as possible, we simulate another periodic wave in a one-dimensional, gradually shrinking, ring medium with the same model and parameters as in the square, and substitute the value of u at the given point in the ring into the very bottom line of the square. This will stimulate a plane wave pacing from the bottom of the square at the same period as in the ring. Thus the length of the ring we choose determines the wave period in the ring, and therefore can be used to adjust T in the square.
When the pacing period T is decreased to be smaller than the rotation period of the anchored spiral but still too large to unpin it, the pacing plane wave will squeeze the anchored spiral to circulate by less than one rotation. A typical pattern of the last part of ATP is like this: As shown in Fig. 1(a) , a plane wave is periodically delivered from the bottom, and then is split into P1 and P2 by the obstacle. An anchored wave AW rotates counterclockwise around the obstacle through an angle α, and collides with the pacing plane wave P1; then, as in Fig. 1(b) , the AW merges with P1, and leaves the previous P2 to become a new anchored wave AW after a relatively short transient process. This AW repeats the same procedure shown in Figs. 1(a) and 1(b). Since the pacing period is T , the AW is also forced to rotate at the same period, i.e., the time needed for the AW to circulate through the angle α as shown in Fig. 1(a) . If we stop the pacing, the AW will eventually turn back into an anchored spiral.
Decreasing T until some critical value (T unpin ), as in Fig. 1(c) , the AW encounters a medium which has still not recovered enough to be excited again, and therefore is detached from the obstacle. As in Fig. 1(d) , the AW is successfully unpinned. A video about this process is given in the Supplemental Material (Ref. [37] ). We plot the relation of T unpin -r o given by ATP as the blue squares in Fig. 2 .
IV. NUMERICAL RESULTS OF FAN SIMULATION
In addition to T unpin -r o , another important relation is that of the period T with the normal velocity at the obstacle boundary C n (0) (the zero in parentheses means that one can establish a natural coordinate along any isoline of u, for instance the wave front, starting from the obstacle boundary where the arclength s = 0). But direct measurement of an accurate C n (0) from ATP would be disturbed by the transient process from P2 to AW , especially when α is small. Hence, we need to find another way to obtain C n (0)-T accurately. As shown in Figs. 1(a) and 1(b) , the AW periodically rotates around the obstacle through an angle α. This process is similar to an anchored wave rotating in a sector of a circle with the same angle α (the medium is like a hand fan, so we call this method a fan simulation). The anchored wave periodically rotates from the right radial boundary to the left, as shown in Fig. 3 . (5), with weak and high excitabilities and various obstacle radii. The smaller r o is, the longer is T unpin and the slower is C n,unpin (0).
As the AW in Fig. 1 rotates at the given T (corresponding to some particular α), in the fan simulation, the anchored wave can be manipulated to stably rotate through the same angle α. Thus, for given r o and α, we can obtain a pair of T and C n (0) accurately. By decreasing α, we can obtain the relation C n (0)-T for a given r o , which is illustrated as the black dashed line in Fig. 4 . If α continues to be decreased at some point, the anchored wave will unpin at the unpinning period T unpin . Repeating the procedure at different r o , we get the relation between T unpin and the corresponding normal velocity C n,unpin (0) when unpinning using a fan simulation. This is illustrated as the red circles in Fig. 4 . We also illustrate the relation T unpin -r o obtained by a fan simulation as the red solid lines in Fig. 2 . The overlap of these relationships of T unpin -r o obtained by the ATP and fan simulations in both weak and high excitabilities indicates the equivalency between the two methods.
V. NONLINEAR EIKONAL RELATION
Thus, to understand the unpinning, it is appropriate to study the dynamics of a wave anchored to the obstacle (r o ) in a fan-shaped medium with varying α. It is known that the governing principle for curved waves, including these anchored waves, is the eikonal relation [38, 39] , which describes the dependence of the normal velocity C n (s) on the curvature K(s) for the wave front at arclength s. However, during unpinning, the pacing period is short, and the boundary layer of the wave front is not sharp. This would make the linear eikonal relation inapplicable, since its deviation may exceed 100% as illustrated in Fig. 1 of Ref. [31] . Instead, we use a nonlinear eikonal relation [31, 32] , which is derived from reaction-diffusion equations using a finite-renormalization technique (for details, readers may refer to Ref. [32] ). This nonlinear eikonal relation also takes account of the short pacing period, and makes no restriction for the sharp boundary layer of the wave front. We adopt the format of Eq. (45) in Ref. [32] , which is an approximation in the first order of K(s), which reads
where
and C p ( ,T ) is the dispersion relation of the plane wave, which gives the plane-wave velocity C p under the given and T . Winfree [40] suggested obtaining this relation by a simulation in which a one-dimensional ring medium is gradually shrinking to the given T (under the given ); then one can measure the corresponding C p ( ,T ). Note that when T decreases to some minimum T min , the medium is still not recovered enough to be excited again and no stable plane wave can exist. This corresponds to the unstable point in the dispersion relation C p ( ,T ) [39, 40] . Equations (1)- (3) are deduced [32] and tested [31] in two-variable models.
VI. KINEMATICAL MODEL
We propose to combine this nonlinear eikonal relation with a kinematical model [33, 34] , which is an exact kinematic description of rigidly rotating waves including the anchored wave in Fig. 3 . For the wave front at the arclength s, the normal velocity C n (s), the tangential velocity C τ (s), and the curvature K(s) obey the following system of differential equations:
The deduction of Eqs. (4) and (5) is based on the kinematics of the wave front (for details readers may refer to § 6.2 in Ref. [38] ). They are model independent.
VII. THEORETICAL RESULTS
The wave front is not only governed by Eqs. (1)- (5), but also bounded by the no-flux BCs at both arc boundaries in Fig. 3 . Thus this is essentially a boundary value problem, which is solved by the shooting method: with the given α and r o , we start with an arbitrarily chosen value of C n (0). As shown in Fig. 3 , the anchored wave at s = 0 periodically circulates through an arclength αr o at the normal velocity C n (0); therefore the period of the rigidly rotating anchored wave T is equal to αr o /C n (0). Then we simultaneously solve Eqs. (1)- (3) at s = 0 to get K(0). Since the inner arc boundary has no-flux BCs, C τ (0) = 0. Taking the known C n (0), C τ (0), and K(0) as the initial conditions, we integrate Eqs. (4) and (5) along the wave front, at a sufficiently small integration step s, to get C n ( s) and C τ ( s). Again, K( s) is obtained by simultaneously solving Eqs. (1)- (3) . Note that the periodic BCs at both radial boundaries in Fig. 3 imply the periodicity φ = φ + α. Since we get C n ( s), C τ ( s), and K( s), the next integration may continue, up to the outer arc boundary. At this outer no-flux BC, setting C n (r d ) = αr d /T and C τ (r d ) = 0 will correct our initially guessed C n (0) to its exact solution for this boundary condition problem. This means that, using the shooting method, we can get C n (0) corrected and therefore obtain T and K(0) under the given r o and α.
On decreasing α, the relation C n (0)-T under the given r o obtained by Eqs. (1)- (5) is illustrated as the dotted line in Fig. 4 . The close match of the black dashed and dotted lines reveals the accuracy of this theory, which combines a nonlinear eikonal relation and a kinematical model for calculating the profiles of an anchored wave, such as C n (0), T , and K(0).
A smaller α would make T shorter, C p ( ,T ) slower, and K(s) larger, according to our results from Eqs. (1)- (5), and therefore make (s) bigger and T (s) smaller, according to Eqs. (2) and (3). Hence, on decreasing α to some minimum, the dispersion relation C p ( (s),T (s)) in Eq. (1) will reach its unstable point. This corresponds to the case that the medium at the arclength s has still not recovered enough to be excited again and no stable excitation wave can exist. Since the curvature at s = 0 is the largest, the anchored wave at s = 0 is the first to meet this unrecovered medium. This is exactly the same as the unpinning in Fig. 1(c) : detachment from the obstacle.
Repeating the procedure at different r o , we get the relationship of C n,unpin (0)-T unpin (blue crosses in Fig. 4 ) by Eqs. (1)- (5) . As Fig. 4 shows, the use of the unstable point of C p ( (0),T (0)) to predict the unpinning point is confirmed by the match of the relationships of C n,unpin (0)-T unpin given by Eqs. (1)-(5) (blue crosses) and by the fan simulation (red circles) with weak and high excitabilities and various obstacle radii. Since Eqs. (1)-(3) are the approximation to first order of K(s), the accuracy of the theoretical results depends on the value of K(0). This explains why, when r o gets smaller [which makes K(0) larger], the results from Eqs. (1)- (5) are not as good as for the larger r o (see Fig. 4 ).
VIII. CONCLUSION
In this paper, we have demonstrated the equivalency of the last part of the ATP (an anchored wave paced by a series of stimuli) and the fan simulation (an anchored wave circulating in a sector of a circle). By combining a nonlinear eikonal relation [31, 32] and a kinematical model [33, 34] , we have studied the dynamics of the anchored wave in the fan simulation (and therefore in the corresponding ATP) and its unstable point when the fan angle is shrunk (corresponding to unpinning by accelerating the pacing). The theoretical results are quantitatively consistent with the numerical ones. This theory does not require the limit of 1 and is valid in various excitabilities and obstacle sizes. These attributes would make it more applicable to cardiac tissues. Therefore, the theory can be used to quantitatively predict the pacing period needed for successfully unpinning by ATP. We hope it may provide theoretical proposals for increasing the success rate of ATP, instead of the present empirical method used in clinics.
